Abstract. Given a compact Hausdorff space K we consider the Banach space of real continuous functions C(K n
Introduction
Given a compact Hausdorff space K the geometry of the Banach space C(K × K), besides being interesting by itself, is additionally important because C(K ×K)s form paradigmatic examples of Banach spaces of vector valued continuous functions C(K, C(K)) and of the injective tensor products C(K)⊗ ε C(K) and hence they are relevant to the investigations of the properties of these tensor products X⊗ ε Y in terms of the properties of X and Y . It is well known, by a surprising and celebrated result of P. Cembranos ([3] ) and F. Freniche ([7] ), that if C(K) contains a copy of c 0 (i.e., C(K) is infinite dimensional), then C(K ×K) always contains a complemented copy of c 0 . This result has been generalized by E. Saab and P. Saab ([17] ) to any tensor product X⊗ ε Y of infinite dimensional Banach spaces X, Y where one of them contains c 0 or even to spaces of compact operators ( [16] ).
A consistent nonseparable version of this result has been recently obtained by E. M. Galego and J. Hagler ( [8, Corollary 4.7] ) who, in particular, proved that it is relatively consistent with ZFC that if C(K) has density ω 1 and C(K) has a copy of c 0 (ω 1 ), then C(K × K) has a complemented copy c 0 (ω 1 ). Their proof relies on Todorcevic's analysis of nonseparable Banach spaces ( [20, Corollary 6] ) under the assumption of an additional set-theoretic axiom known as Martin's Maximum ( [6] ). However A. Dow, H. Junnila and J. Pelant constructed in ZFC a Banach space (of the form C(K)) of density 2 ω which contains a copy of c 0 (ω 1 ) but such that its injective tensor square has no complemented copy c 0 (ω 1 ) (Example 2.16 of [5] ). For more on complemented copies of c 0 (ω 1 ) see [1] and [10] .
In order to discuss our results, let us recall some terminology. A Banach space X is called weakly pcc if and only if any point-finite family of open sets in the weak topology on X is countable and is called half-pcc if any point-finite family of half spaces (i.e., sets of the form {x ∈ X : x * (x) > a} for some a ∈ R and x * ∈ X * ) is countable. This kind of chain conditions were first considered by Rosenthal in [15] and are fundamental in the work of Dow, Junnila and Pelant ( [5] ). If X is a Banach space, then a sequence (x * ξ ) ξ<ω1 of elements of the unit sphere of X * is called an ω 1 -Josefson-Nissenzweig sequence if and only if (x Niessenzweig ( [9, 12] ) which implies that on any infinite dimensional Banach space there is a linear operator with its range dense in c 0 .
One of the goals of the research project leading to this paper was to decide if Galego and Hagler's nonseparable version of Cembranos and Freniche's theorem and consequently the Saabs' theorem, is indeed sensitive to its additional set-theoretic assumption, i.e., that one cannot obtain the same result without making it. We confirmed it by proving that it is consistent that there exist a compact Hausdorff space K such that the density of the Banach space C(K) is ω 1 and C(K) contains a copy of c 0 (ω 1 ) but C(K × K) does not contain a complemented copy of c 0 (ω 1 ). In fact we encountered two different kinds of examples of spaces satisfying the above statement. We found one of them existing already in the literature (2.17 of [5] discussed in Section 4 and denoted there DJP 1 ) after we have constructed our original space. The analysis of the differences between these examples led us to a more delicate result:
It is consistent that there are compact Hausdorff spaces K n for all 1 ≤ n ≤ ω such that all C(K n )s contain a copy of c 0 (ω 1 ) and C(K m n ) contains a complemented copy of c 0 (ω 1 ) for n ≤ ω and m < ω if and only if n < m.
Proof. K n is the space constructed in Section 3 whose properties are stated in Proposition 3.1. Since K n is (n + 1)-diverse (see Definition 1.5), by Proposition 2.3 the space C(K n n ) is half-pcc and so by Theorem 1.1 C(K n n ) does not contain a complemented copy of c 0 (ω 1 ). On the other hand by Proposition 3.1 there is an n-to-1 continuous map from K n \ {∞} onto [0, ω 1 ) with the order topology, so C(K n+1 n ) contains a complemented copy of c 0 (ω 1 ) by Proposition 2.1. K ω is the example from 3.5 or if we are not interested in additional properties, which we state in Theorem 1.8, the Example 2.17 of [5] which we call DJP 1 and analyze in Section 4. Since these are nonseparable scattered compact spaces, they contain uncountable subspaces of isolated points, and so C(K ω ) contains c 0 (ω 1 ). The properties of K ω follow from Proposition 3.5 and Theorem 1.6. The properties of DJP 1 follows from Corollary 4.3 and Theorem 1.1.
For additional properties of the K n s see Theorem 1.8. In fact our constructions are generalizations of the space from [10] which can serve above as K 1 . As we note in Corollary (4.2) that for K compact scattered if C(K) is weakly pcc, then C(K n ) is weakly pcc for every n, our examples K n for n < ω from Theorem 1.2 give the following: Theorem 1.3. It is consistent that there are half-pcc spaces C(K) of density ω 1 which are not weakly pcc.
This seem to be unknown until now (see page 1330 of [5] ), but we still do not know if such examples can be constructed without any additional assumptions (see 4.5) . Among the three equivalent conditions of Theorem 1.1 the topological notion of being half-pcc is the simplest. Moreover in the case of scattered compact spaces it allows a simple topological criterion extracted in [5] from a paper of Arhangelskii and Tkačuk [2] . Our refinements of these notions are the following:
Definition 1.5. Let K be a Hausdorff compact and n ∈ N. We say that K is n-diverse if for any given m ∈ N and for any partition F 1 , . . . , F k of {1, . . . , m} with k ≤ n, any sequence {(x α 1 , . . . , x α m )} α<ω1 ⊆ K m of (F 1 , . . . , F k )-diverse points admits a cluster point which is (F 1 , . . . , F k )-diverse. Theorem 1.6. Suppose that K is a scattered compact space. C(K) is weakly pcc if and only if K is n-diverse for each n ∈ N Proof. By Proposition 2.2. and Lemma 2.13 of [5] we need to prove that K n \ ∆ n is ω 1 compact for all n ∈ N if and only if K is n-diverse for all n ∈ N. For the forward implication given a sequence of
m one can assume that there is a partition of {1, ..., m} into sets (A k ) k≤l for some l ≤ m such that the coordinates of the points v ξ in the same part of the partition are equal. Form points w ξ s of K l \ ∆ l from the coordinates of v ξ s in distinct A k s. Use the ω 1 -compactness to obtain an accumulation point of w ξ s in K l \ ∆ l and use it to form an (F 1 , ..., F k )-diverse accumulation point of v ξ s. The backward implication is clear.
We obtain the following: Theorem 1.7. Let K be a compact, totally disconnected space and n ∈ N. Each of the following conditions implies the next.
(
by an (n − 1)-to-1 continuous map.
Proof. Our examples K n for n ≤ ω, unlike the example 2.17 of [5] , have all these properties for a given n ∈ N and none of these properties for bigger numbers. Another distinct feature of our examples is the Lindelöf property in the weak topology: Theorem 1.8. It is consistent that there are totally disconnected compact Hausdorff spaces K n satisfying Theorem 1.2 such that C(K n ) is Lindelöf in the weak topology and K is (n + 1)-diverse and there is a point ∞ ∈ K such that K \ {∞} can be mapped onto [0, ω 1 ) by an n-to-1 continuous map.
Proof. Applying Proposition 3.1 and Theorem 1.7 we are left only with proving the Lindelöf property of C(K n ) with the weak topology. First note that the Lindelöf property in the weak topology in C(K) for K scattered is equivalent to this property for the pointwise converegence topology. Now the Lindelöf property follows from the fact that K (ω1) n = ∅ by a theorem of G. Sokolov (Theorem 2.3. of [19] ) which says that for such scattered spaces the Lindelöf property in C p (K) is equivalent to ℵ 0 -monolithicity of K that is the property that closures of countable sets have countable networks. In our case the closures of countable sets are included in sets of the form [0, β] ∪ {ω 1 } for some countable ordinal β (see Proposition 3.1) and so are metrizable because they are countable and scattered.
The Lindelöf property in the weak topology is relevant here because it is proved in Proposition 1.16 of [5] that a nonseparable weakly Lindelöf determined C(K) cannot be half-pcc. Also, as noted at the begining of Section 1 of [5] the Lindelöf property in the case of the weak topology is equivalent to being paracompact. Thus our spaces C(K n ) are paracompact in the weak topology in contrast to the space C(DJP 1 ) from [5] (see 4.3) which is even not σ-metacompact with the weak topology since it is weakly pcc.
We obtain our consistent examples assuming the combinatorial principle ♣ of Ostaszewski (see [13] , it is explained at the begining of Section 2.) and we note that this principle is also sufficient to obtain the construction 2.17 from [5] originally obtained from ♦ of R. Jensen ( [11] ). The advantage of ♣ over ♦ is that the first principle is compatible with both CH and its negation while ♦ implies CH. This kind of examples cannot be obtained without additional set-theoretic assumptions because under Martin's Maximum Banach spaces of density ω 1 map continuously and linearly into c 0 (ω 1 ) with nonseparable ranges ( [20] ) and under the P-ideal dichotomy any weakly Lindelöf C(K) space with K (ω1) = ∅ containing an isomorphic copy of c 0 (ω 1 ) contains a complemented copy of c 0 (ω 1 ) (Theorem 3.2 of [10] ). In this context, because DJP 2 (see section 4) is a subspace of separable scattered space, one should also recall a result of R. Pol saying that if K is separable, nonmetrizable, scattered of countable height, then C(K) is not Lindelöf in the weak topology (Theorem 2 of [14] , see also [4] ). But we do not know if dropping the requirement of C(K) being Lindelöf in the weak topology one can construct in ZFC a K of weight continuum such that C(K n ) contains complemented copies of c 0 (ω ) for some ns and not for others. Using the notions of n-diverse spaces in the context of the ZFC example 2.16 of [5] called here DJP 2 seem not to work as in the case of DJP 1 which is shown in propositions 4.4 and 4.5.
We will denote by L(ω 1 ) the set of all countable ordinals which are limit ordinals. The other notation is standard.
2. n-to-1 maps onto [0, ω 1 ), n-diverse spaces and the pcc Proposition 2.1. Let K be compact totally disconnected space and ∞ ∈ K. If there exists a continous surjective map φ :
| ≤ n for all α < ω 1 and some n ∈ N, where [0, ω 1 ) is endowed with the order topology,
. We will consider the sets of points x γ+1 , . . . , x γ+(n+2) for γ ∈ L(ω 1 ). All these points are isolated in L and hence in K because successors are isolated in [0, ω 1 ) and φ is continuous. Note that given pairwise disjoint clopen partition of K into sets U 1 , . . . , U k for some k ∈ N the set of all γ ∈ L(ω 1 ) such that the sets U 1 , . . . , U k separate all the points x γ+1 , . . . , x γ+(n+2) is at most finite. Indeed, at most one of the clopen sets, say U j for some 1 ≤ j ≤ k contains ∞. So, any accumulation point of an infinite sequence x γm+i from outside of U j and 1 ≤ i ≤ n + 2 for an increasing sequence (γ m ) m∈N must be in
This set has at most n elements but there will be n + 1 such distinct accumulation points, if U 1 , . . . , U k separate all the points x γm+1 , . . . , x γm+(n+2) for infinitely many m ∈ N, a contradiction. Now we define measures on K n+1 which will serve for defining a projection from C(K n+1 ) onto a copy of c 0 (ω 1 ). Let S(k) denote the set of all permutations of {1, . . . , k} and let sgn(σ) denote the sign of a permutation σ ∈ S(k) for some k ∈ N. Let λ γ be defined by
Note that σ above is a permutation of all n + 2 points but the coordinates of the point of K n+1 use only the first n + 1 numbers. Next note that for any clopen
To see this, first note that by considering all Boolean components U 1 , . . . , U k for some k ∈ N of the finite field of sets generated by V 1 , . . . , V n+1 we know that for only finitely many γs the sets U 1 , . . . , U k and so V 1 , . . . , V n+1 separate all the points {x γ+1 , . . . , x γ+(n+2) }.
For those γ where none of the V 1 , . . . , V n+1 s separate say x γ+i form x γ+j and those σ ∈ S(n + 2) that σ(i), σ(j) < n + 2 we have that
if and only if
where σ ′ is obtained by composing σ with the transposition of i and j. In this case sgn(σ) = −sgn(σ ′ ) and so the contributions of δ {(x γ+σ(1) ,...,x γ+σ(n+1) )} and
For those γ where none of the V 1 , . . . , V n+1 s separate say x γ+i form x γ+j and those σ ∈ S(n + 2) that σ(j) = n + 2 we have that
where σ ′ is obtained by composing σ with the transposition of i and j, i.e., σ ′ (i) = n+2. In this case sgn(σ) = −sgn(σ ′ ) and so the contributions of δ {(x γ+σ(1) ,...,x γ+σ(n+1) )} and δ {(x γ+σ ′ (1) ,...,x γ+σ ′ (n+1) )} on V 1 × . . . × V n+1 cancel each other as well.
Having fixed distinct 1 ≤ i, j ≤ n + 2 such that the sets V 1 × . . . × V n+1 do not separate the points x γ+i from x γ+j for a fixed γ < ω 1 it is clear that the set of all permutations can be partitioned into two sets such that σs above belong to one of them and σ ′ s to the other, just by reversing the role of i and j in the permutation. This way we obtain that the contribution of any point in the definition of λ γ is canceled by the contribution of the corresponding point from the other group and so λ γ (V 1 × . . . × V n+1 ) = 0 when one pair of points {x γ+1 , . . . , x γ+(n+2) } is not separated by any of the sets V 1 , . . . , V n+1 . But as previously noted this holds for all but finitely many γs. Now let us note that for each
Indeed, consider the operator T :
. It is well defined linear bounded operator such that T (f ) ∈ c 0 (L(ω 1 )) for any characteristic function of clopen subset of K n+1 . So we obtain that it is true for any f ∈ C(K n+1 ) by applying the Weierstrass-Stone theorem and the fact that c 0 (L(ω 1 )) is a closed subspace of ℓ ∞ (L(ω 1 )). Now we are in position to construct the required projection on a copy of c 0 (ω 1 ). Since all points x γ+i for γ ∈ L(ω 1 ) and i ∈ N are isolated, we may consider
where the closure is taken in C(K n+1 ). It is clear that Y is isometric with c 0 (ω 1 ). We define
For any f ∈ C(K n+1 ) we have that (λ γ (f )) γ∈L(ω1) ∈ c 0 (L(ω 1 )) and it follows that P defines a bounded operator from
To see that P is a projection we only need to check that P ↾ Y = Y and for that it is enough to prove that P (χ {(xγ+1,...,xγ+n+1)} ) = χ {(xγ+1,...,xγ+n+1)} for each γ ∈ L(ω 1 ). This is clear since for each γ, θ ∈ L(ω 1 ) the following holds:
Corollary 2.2. Suppose K is the space obtained under the assumption ♣ in Section 4 of [10] . C(K) is half-pcc and contains an isomorphic copy of c 0 (ω 1 ). C(K ×K) contains a complemented copy of c 0 (ω 1 ), in particular C(K) is not weakly pcc.
Proof. Consider half-spaces H α = {f ∈ C(K n ) : f dµ α > a α } for a α ∈ R and some Radon measures µ α on K n and any α < ω 1 . We will prove that this collection cannot be point-finite. It is enough to prove that its refinement is not point finite, so we may assume that a α s are all equal to some a ∈ R bigger than uncountably many a α s. By going to an uncountable subset we may assume that there is an ε > 0 and finite sets G α ⊆ K such that there is y α ∈ G n α with |µ α ({y α })| > 2ε and
Here we used the fact that all Radon measures on scattered compacta are atomic. Going further to a smaller uncountable subsequence we may assume that there is a partition I 1 ∪ . . . ∪ I k = {1, . . . , n} for some k ≤ n such that y α i = y α j for all α < ω 1 if and only if i, j ≤ n are in the same set of the partition.
We may assume that all the sets G α = {x (x 1 , . . . , x m ) be an ({1}, ..., {k}, {k+1, ..., m})-diverse cluster point. It follows that there are pairwise disjoint clopen neighbourhoods U 1 , . . . , U k of x 1 , . . . , x k respectively such that
Now let V j = U i if and only if j ∈ I i for j ≤ n and i ≤ k. Consider V 1 ×. . .×V n . We will prove now that for infinitely many αs we have
m−k is a clopen neighbourhood of the cluster point (x 1 , . . . , x m ), so the points (x 
Now considering f = ±( a ε )χ V1×...×Vn we obtain f dµ α > a for infinitely any αs which shows that H α s do not form a point-finite family and completes the proof of the proposition.
A compact space from ♣
Our main result of this section is as follows: 
The Ostaszewski's principle ♣ ([13]) is stated as follows:
Definition 3.2. ♣ is the following sentence: There is a sequence (S α ) α∈L(ω1) such that for each α ∈ L(ω 1 ):
(1) S α ⊆ α; (2) S α converges to α in the order topology; (3) for every uncountable X ⊆ ω 1 there is α ∈ L(ω 1 ) such that S α ⊆ X.
In order to establish Theorem 3.1, we need to enrich our terminology. Following the notation of [10] , for an ordinal α ≤ ω 1 we put F 0 (α) = α = {β : β < α} and for n > 0 we let F n+1 (α) be the set of all finite sequences of elements of F n (α). Define F (α) = n∈N F n (α). For A ∈ F (α) such that A ∈ F n (α), by induction on n ∈ N we define the support of A, denoted supp(A), as the union off all sets supp(B) where B is a term of the sequence A with supp(A) = {A} for A ∈ F 0 (α). If A, B ∈ F (α), α < ω 1 , then we say that A < B if and only if β < γ for every β ∈ supp(A) and γ ∈ supp(B).
For a collection W of subsets of [0, ω 1 ], we say that is consecutive if and only if A < B or B < A whenever A and B are two distinct elements of W. 
Proof of Theorem 3.1. Given n ∈ N, we fix a sequence (S ′ γ ) γ∈L(ω1) satisfying the conditions of ♣ ′ . This sequence hereafter will be denominated ♣ ′ -sequence. For each γ ∈ L(ω 1 ), since S ′ γ converges to γ in the sense of (3.3), without loosing generality we may assume that S ′ γ = {s r (γ) : r < ω} satisfies max{supp(s r (γ))} + (n − 1) < min{supp(s t (γ))} whenever r < t < ω.
The set of points of our space will be the set [0, ω 1 ) where for each γ < ω 1 we will construct a countable neighborhood basis B γ . We perform this construction by transfinite induction. We start fixing on [0, 0] the topology τ 0 generated by B 0 = {{0}}. Given γ < ω 1 , we assume that we have obtained for each β < γ a topology τ β on [0, β] satisfying:
(1) [0, β] is a scattered locally compact Hausdorff space of height not bigger that ω; (2) each point δ ∈ [0, β] admits a countable neighborhood basis B δ consisting only of compact clopen sets and such that δ = max{V } for each V ∈ B δ ;
Then we consider the topology τ * γ on [0, γ) whose basis is β<γ τ β . By condition (1)- (3) the space [0, γ) endowed with the topology τ * γ is Hausdorff, locally compact scattered with height not bigger than ω. We will find an appropriate countable local basis for γ, B γ , and then define on [0, γ] the topology τ γ generated by τ * γ ∪ B γ . If γ is a successor ordinal, let γ ′ be greatest limit ordinal smaller than γ. If γ ′ + (n − 1) < γ the we fix B γ = {{γ}}. If γ ′ < γ ≤ γ ′ + (n − 1) then the collection B γ will be determined by γ ′ as we will see below. We then may assume that γ is a limit ordinal and consider the set S ′ γ = {s r (γ) : r < ω} from our fixed ♣ ′ -sequence. If S ′ γ cannot be represented as a collection consisting only of For each 1 ≤ i ≤ k, and for each r ∈ N define:
By construction it follows that for every r, s ∈ N:
• V r (γ + (i − 1)) ∩ V s (γ + (j − 1)) = ∅ whenever i = j;
For each 1 ≤ i ≤ k we fix B γ+(i−1) = {V r (γ + (i − 1)) : r ∈ N} and for each k + 1 ≤ i ≤ n we fix B γ+(i−1) = {{γ + (i − 1)}}. It is standard to check that ([0, γ + (i − 1)], τ γ+(i−1) ) satisfies conditions (1)- (3) for each 1 ≤ i ≤ n. Given 1 ≤ i ≤ n we fix β = γ + (i − 1) and we show that ([0, β], τ β ) also satisfies (4). Assume α+(n−1) < β and by contradiction that there is δ ∈ [0, α + (n − 1)] τ β such that α + (n − 1) < δ. We then consider B δ = {V r (δ) : r ∈ N}. Since δ is not isolated in ([0, β], τ β ) we may assume that α + n < δ. Recalling the construction of our space, there must exist r 0 such that δ ∈ V r0 (δ) ⊆ [α + n, δ]. This is a contradiction and we deduce that [0, α
Finally, we consider on [0, ω 1 ) the locally compact Hausdorff topology generated by the basis γ<ω1 τ γ . This space will be denoted by L n and its one-point compactification will be denoted by K n = L n . ∪ {ω 1 }. This concludes the construction of the compact space.
Claim (1). There is a finite-to-one continuous function φ :
n be the set off all accumulation points of L n . We define φ :
n , then there is γ ∈ L(ω 1 ) and 0 ≤ i ≤ n − 1 such that α = γ + i. In this case we define φ(α) = φ(γ + i) = γ.
It is clear that |φ −1 [{α}]| ≤ n for all α < ω 1 and that φ[L n ] is homeomorphic to the interval [0, ω 1 ) with the order topology. To see that φ is continuous, let
n where γ ∈ L(ω 1 ) and 0 ≤ i ≤ n−1. Since L n is first countable, there is a sequence (ξ r ) r∈N converging to α. By the construction of the space, there is no loss of generality if we assume that ξ r < α for all r ∈ N. Since φ(α) = γ ∈ L(ω 1 ), for any β < γ we may fix the clopen set [β, γ] in [0, ω 1 ) endowed with the order topology. By the construction of L n , the set [β + n, γ + i] is open in L n and since ξ r converges to α, there exist r 0 such that ξ r ∈ [β + n, γ + i] whenever r ≥ r 0 . From the definition of the function φ, it follows that φ(ξ r ) ∈ [β, γ] whenever r ≥ r 0 .
Claim (2). The compact K n is (n + 1)-diverse.
Let m ∈ N and F 1 , . . . , F k+1 a partition of {1, . . . , m} such that k ≤ n. Let
n be a sequence of (F 1 , . . . , F k+1 )-diverse points. We will prove that this sequence admits a (F 1 , . . . , F k+1 )-diverse cluster point.
First of all, by reducing to an uncountable subset we may assume that the collection {{x α 1 , . . . , x α m } : α < ω 1 } constitutes a ∆-system with root ∆. Moreover, we may also assume that there exists D ⊆ {1, . . . , m} such that ∆ = {x α i : i ∈ D} and we will denote the element
= ∅ then we are done. Without loss of generality we may assume that F ′ j = ∅ for some 1 ≤ j ≤ k + 1. By reducing to another uncountable subset if necessary, we may assume that there is at most only one 1 ≤ j ≤ k + 1 such that if x α i = ω 1 for some α, then i ∈ F j ∩D , moreover, without loss of generality we may suppose that such j = k +1 and then define G 
we put z i = ω 1 and if j ∈ D then we fix z j = a j ∈ ∆. According to the construction of K n , if 1 ≤ i ≤ k then any sequence (u r ) r∈N such that u r ∈ G r i (γ) for every r ∈ N will converge to γ + (i − 1) and if i = k + 1 will converge to ω 1 . It follows that z is an accumulation point of the original sequence.
If z is not (F 1 , . . . , F k+1 )-diverse, then there is x ∈ {z j : j ∈ F i1 }∩{z j : j ∈ F i2 } for some i 1 = i 2 . By definition of z, there are j 1 ∈ F i1 ∩ D and j 2 ∈ F i1 ∩ D such that x = a j1 = a j2 ∈ ∆. Since our original sequence is (F 1 , . . . , F k+1 )-diverse, it follows that {a j : j ∈ F i1 ∩ D} ∩ {a j : j ∈ F i2 ∩ D} = ∅, a contradiction.
Claim (3). The space K n has height ω + 1.
We observe that the height of K n cannot be bigger ω + 1. Indeed, for any γ < ω 1 , the height of the points of V 0 (γ) \ {γ} are uniformly bounded by some p < ω, then the height of γ cannot be bigger than p + 1.
On the other hand, the height cannot be finite because then the only accumulation points of sequences from the last Cantor-Bendixson level would have to have all coordinates equal to ω 1 which contradicts the 2-diversity.
Proposition 3.5 (♣).
There is a non-separable Hausdorff compact scattered topology τ on [0, ω 1 ] which is n-diverse for every n, has height ω + 1 and weight ω 1 where sets [0, α + (n − 1)] ∪ {ω 1 } are closed for all α < ω 1 . Moreover, there is a finite-to-one function φ : [0, ω 1 ) → [0, ω 1 ) which is τ to the order topology continuous.
Proof. Do a similar construction as the previous one but allowing the limit points γ to split into n points {γ + i : i < n} without limiting n ∈ N. 
. It is proved in [5] that C(DJP 1 ) is weakly pcc and admits a finite-to-one continuous map onto [0, ω 1 ] with the order topology. The proof of the fact that C(DJP 1 ) is weakly pcc in [5] relies on the fact that it is pointwise pcc which means that every point-finite family of open sets in the topology of pointwise convergence is at most countable. In fact, it is proved in Lemma 2.13 of [5] that for C(K) for a scattered compact space K to be weakly pcc is the same as to be pointwise pcc. On the other hand Arkhangelskii and Tkačuk implicitly proved in [2] (see Proposition 2.2. of [5] ) that a compact Hausdorff K is pointwise pcc if and only if K n \ ∆ n is ω 1 -compact for all n ∈ N, where ω 1 -compact means that every set of cardinality ω 1 has an accumulation point and ∆ n = {(x 1 , . . . , x n ) ∈ K n : x i = x j for some i = j}. Our main observation concerning these notions is the following:
is pointwise pcc as well.
Proof. Suppose K is pointwise pcc. Then by 2.2. of [5] based on 2.7 of [2] we have that K n \ ∆ n is ω 1 -compact for each n ∈ N. By the same result we need to prove that (
is ω 1 -compact for every n ∈ N, where
)) : ξ < ω 1 } be an uncountable subset of X. By going to an uncountable subset we may assume that x l for all ξ < η < ω 1 ; 1 ≤ j, l ≤ n. This way we obtain a partition of {1, 2, . . . , 2n} into sets (A k ) 1≤k≤m for some m ≤ 2n such that for every ξ < ω 1 we have x ξ j = x ξ l if and only if j and l are in the same set of the partition. Since the points are in X = (K 2 ) n \ ∆ n (K 2 ) for every 0 ≤ i < j < n it is not true that at the same time 2i + 1, 2 j + 1 are in the same part of the partition and 2i + 2, 2 j + 2 are in the same part of the partition.
Choose a representative j k of each element of A k of the partition and form a point v ξ ∈ (x ξ j1 , . . . , x ξ jm ) for each ξ < ω 1 . Since all the coordinates of v ξ s are distinct they are in K m \ ∆ m . So by the pointwise pcc property of C(K), we conclude that (v ξ ) ξ<ω1 has a cluster point, say (v 1 , . . . , v m ) in K m \ ∆ m , that is with all the coordinates different. Now define a point x of (K 2 ) n by putting v k on all the coordinates from A k . Since for 0 ≤ i < j < n it is not true that at the same time 2i + 1, 2 j + 1 are in the same part of the partition and 2i + 2, 2 j + 2 are in the same part of the partition,
) and x must be a cluster point of the x ξ s.
Corollary 4.2. Let K be compact scattered space. If C(K) is weakly pcc, then C(K n ) is weakly pcc for all n ∈ N. In particular C(K n ) does not contain a complemented copy of c 0 (ω 1 ) for any n ∈ N.
Proof. If K is compact scattered and C(K) is weakly pcc, then by Lemma 2.13 of [5] , it is pointwise pcc. By the above Lemma 4.1 we conlude that C(K 2 n ) is pointwise pcc for every n ∈ N and so weakly pcc for every n ∈ N again by Lemma 2.13 of [5] . As K n is homeomorphic to a closed subset of K Banach space of C(K 2 n ) and so is weakly pcc as well by Lemma 1.8 of [5] . As weakly pcc implies half-pcc, by 1.1 we conclude that C(K n ) does not contain a complemented copy of c 0 (ω 1 ) for any n ∈ N. Proof. The sets A i s of the example 2.15 of [5] have heights not bigger than i ∈ N , and the entire space is obtained as the one point compactification of i∈N A i , so the height of DJP 2 is ω + 1. The topology on i∈N A i is a refinement of the topology inherited from R and so the identity is the desired continuous map on DJP 2 \ {∞}.
The following should be compared with the fact that our space K 1 or the space of [10] are 2-diverse and not weakly pcc by Proposition 3.1 and Theorem 1.7.
Proposition 4.5. Suppose that K is compact scattered space which contains a point ∞ such that K \ {∞} maps injectively and continuously onto a subset of R. If K is 2-diverse, then C(K) is weakly pcc.
Proof. Let φ : K \{∞} → R denote the continuous injective map. By Lemma 2.13 and Proposition 2.2. of [5] it is enough to prove that K n \ ∆ n is ω 1 -compact for every n ∈ N. So let (x 1 ξ , ..., x n ξ ) be points of K n \ ∆ n for ξ < ω 1 . By going to a smaller power we may assume that they have all coordinates different than ∞. By going to an uncountable subset we may assume that there is ε > 0 such that |φ(x n which, as we noted, must have all coordinates different, and so is in K n \ ∆ n as required for the weak pcc.
